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SCHWARZ LEMMA FOR HOLOMORPHIC MAPPINGS IN 

THE UNIT BALL 

DAVID KALAJ 


Abstract. In this note we establish a Schwarz Pick type inequality for 
holomorphic mappings between unit balls Bn and Bm in corresponding 
complex spaces. We also prove a Schwarz Pick type inequality for pluri- 
harmonic functions. 


1. Introduction 

The Frechet derivative of a holomorphic mapping / : 0 —?■ C™, where 
Cl C C”, is dehned to be the unique linear map A = f'{z) : C” —)• C™' such 
that f{z + h) = f(z) + f'{z)h + 0(|/ip). The norm of such a map is dehned 
by 

||A|| = sup \Az\. 

\z\=l 

The classical Schwarz lemma states that |/(z)| ^ \z\ for every holomorphic 
mapping of the unit disk Bi C C into itself satisfying the condition /(O) = 0. 
This inequality implies the following inequality for the derivative 


( 1 . 1 ) 




i-\9izr 

1 — Izp 


for every holomorphic mapping g of the unit disk into itself. On the other 
hand if n, m are two positive integers and B„ C C” is the unit ball, then 
every holomorphic mapping / : B„ —)• B^, with /(O) = 0 satishes the 
inequality \f{z)\ ^ \z\, but the counterpart of (ll.ip in the space does not 
hold provided that m ^ 2 (see e.g. [3] and corresponding sharp inequality 
(12.3p below). However it holds for m = 1, while for m ^ 2 it holds its weaker 
form namely 1 — \g{z)\'^ should be replaced by — \g{z)\‘^. This is proved 
in Theorem 12.11 which is the main result of this paper. By using the case 
m = 1, in Theorem 12.31 we prove Schwarz Pick inequality type inequality 
for pluriharmonic function, which extends a corresponding result for real 
harmonic functions [2] 
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1.1. Automorphisms of the unit ball. Let Pa be the orthogonal projec¬ 
tion of C” onto the subspace [a] generated by a, and let 

Q = Qa = I-Pa 


be the projection onto the orthogonal complement of [a]. To be quite ex¬ 
plicit, Pq = 0 and P = Pa{z) = Put Sa = (1 — and define 


V>a{z) 


CL PaZ SaQaZ 

1 - {z,a) 


If = {z S C” : {z, a) 7^ 1}, then ipa is holomorphic in fl. It is clear that 
Ben for |a| < 1. 


Proposition 1.1. [5l Theorem 2.2.2] If ip a is defined as above then 

a) (^a(O) = a and ipa{a) = 0. 

b) <^a(0) = - sQ- 

c) = -^P -\Q- 

d) (fa is an involution: ipa{<Pa{z)) = z. 

e) ifa is a biholomorphism of the closed unit ball onto itself. 


2. The main results 


Theorem 2.1 (The main theorem). If f is a holomorphic mapping of the 
unit ball B„ C into B^ C C”*, then for m 2 


(2.1) ||/'(z)|| ^ 

and for m = 1 we have that 

(2.2) ||/'(z)|| ^ 


The inequalities dS]) and 
ing sharp inequalities 


(2.3) ||/'(0)|| ^ 

We need the following lemma 


Vi 

-i/(^)P 

1 

1 19 ’ 

— \z\^ 

1 - 


1 

1 19 ’ 

— \z\^ 

are 

sharp. In 


2 G B, 


z G B^ 


\/l - l/(0)P> ifmfi 2; 
1-|/(0)P, ifm = l. 


Lemma 2.2. Let n be a positive integer and let M = Ma = —s^Pa — sQa 
and N = Na = —jjPa — ^Qa, where s = yjl — jap. Then 


||M|| = 


_ / \/l-|a| 

“ l-laP, 


2, ifnfi2; 
if n = 1 


IIA'II = 


1 


1 - 


a 


2 • 


and 
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Proof of LemmalKM We have 


s'^Pz + sQz = sz + (s^ — s) 


(z, a) a 
{a, a) 


So 


\s^Pz + sQz\^ = 


sz + — s) 


{z, a) a 


{a, a) 

21 12 ,/ 4 2 \ 

= s |z| + (s — S ) 


2|^|2 , /4 ^ „ 2 i |2 


(a, a) 


^ s z 


For zPa the previous inequality becomes an equality. It follows that ||M|| = 
i/l — |ap. The case n = 1 is trivial and in this case Qa = 0. Further, we 
establish the norm of the operator 


N = Na = -\p--Q. 

c 


We have 


and so 


1 


1 


Nz = - :tPz - Qz = - 5 - + 


1 1\ ( 2 , a) a 1 


|iVzp = l|z|2 + 
By choosing z = a/|a|, we obtain that 


s J {a, a) 
1 \ (z,af 


-z 

s 




iq^- 


□ 


Proof of Theorem \2.1[ Let ipa be an involutive automorphism of the unit 
ball Bn onto itself such that (/2a(0) = a and let b = f{a). Let pb be an 
involutive automorphism of the unit ball Bm onto itself such that Pb{b) = 0 
and let g = 0/0 Then f{z) = Pb ° 9 ° Pa and so 

/'(a) = p'Mg'mp'aia) = Mb9'{0)Na. 

Since g maps the unit ball into itself and satisfies g{0) = 0, by O Theo¬ 
rem 8.1.2], it follows that |5'(0)| < 1. Since H^-BH ^ ||A||||i?||, according to 
Lemma f2.2l we obtain (|2.ip . The sharpness is proved by the following exam¬ 
ple. Let t G (0,7r/2) and define/f( 2 ;,'u;) = (zsint,cost). Then/t : B 2 —B 2 . 
Moreover |//(0)| = sint and |/t(0)| = cost. So |//(0)| = ^1 - |/i(0)|2. □ 


Assume that m = 1 and let a be holomorphic function of the unit ball Bn 
into C™ = C. Since o' is C linear, we regard a'{z) as a vector (o^j,... o^^) 
from the space C” and we will denote it by Vo. 


Theorem 2.3. Let f be a pluriharmonic function of the unit ball B„ into 
(—1,1). Then the following sharp inequality holds 

(2.4) |V/(z)| q 1^1 < 1 . 
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Proof of TheoremlKM Let h be the pluri-harmonic conjugate of /, i.e. as¬ 
sume that a = f + ih is a holomorphic mapping. Then a maps the unit ball 
Bn, into the vertical strip S' = {tc : — 1 < < 1} . 

Let 

g{z) = - log--. 

vr I — z 

Then o' is a conformal mapping of the unit disk U onto the strip S. Hence 
b{z) = g~^{a{z)) is a holomorphic mapping of the unit ball onto the unit 
disk U. Then we have that 


By (j2.2l) we have 


On the other hand 


2i 1 + b{z) 

a{z) = - log--—. 

vr 1 — b[z) 

i-\b{zr 


\b'{z)\ ^ 
a'(z) = 


1 - |z|2 
Ai b'{z) 


vr 1 — h{zY 
Since a is holomorphic we obtain that 


\a'{z)\ = 


\ k=l 


azu? = 


\ k=l 


i=k 


and 




\ k=l 


k=l 


We will find the best possible constant C such that 


As 


|V/(z)| 
\a'{z)\ ^ 


1 — |zp 

4 1-|6(z)|2 1 


vr |1 — b{z)‘^\ 1 — \z\^ 
it will be enough to find the best possible constant C such that 

4 i-ife(^)p 1 < 

Tr\l-b{z)^\ l-\z\^ " 
or what is the same 

Att 1 — |6p 


1 - u 


(tt^ - 4|arg^|2) |1 - b'^\ 


^0,|6| < 1. 


Let u) = = re^*. Then —7r/2 ^ t ^ 7 t/2 and 

2 4rcost 


i-i&r = 


+ 2r cos t + 1 ’ 
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II-6^1 = 


4r|e 


it I 


+ 2r cos t + 1 ’ 

and hence the last inequality with the constant C = Ajir follows from 

I cos t\ 




< 1 


which holds for t € (—7r/2,7r/2). This yields 

To show that the inequality (12.41) is sharp, take the pluri-harmonic func¬ 
tion 

f(z) = —arctan- ^ 

vr I- xf-yf 

It is easy to see that 

4 41-|f(0)P 

|V/(0)| = - =- 

TT TT 1 — 0^ 

□ 

If ds = is the hyperbolic metric in the unit ball, denote by dh the 

corresponding distance function. Now from (|2.2p we infer 

Corollary 2.4. If f : B„ — Bi is holomorphic, then 

dh{f{z),f{w)) ^ dh{z,w). 

For general m we have 

Corollary 2.5. If f : B„ — )■ B^ is holomorphic, then 

arcsin(|/(z)|) ^ arctanh(| 2 ;|). 

By using scaling argument we obtain 


Corollary 2.6. If f is a holomorphic mapping of the unit ball B„ C 
into C™, then 


(2.5) ||/'(z)|| ^ ■ 

Here ||/|| := supj/(z)|. 


Vll/lP-l/(^)P 

1—bP ’ 

wir-imi^ 

ll/ll(i-bk) ’ 


zeBn, ifm^2; 

if m = 1. 


In order to state a new corollary of the main result, recall the definition of 
Bloch space B of holomorphic mappings of the unit ball B„ into C”*. We say 
that f £ B provided its seminorm satisfies ||/||b = sup| 2 |<i {i-\zm'{z)\ < 
oo. Let Bi be the unit ball of B. Let IB be the set of bounded holomorphic 
mappings between Bn and C”^, i.e. of mappings satisfying the inequality 
ll/ll = sup^ \fiz)\ < oo. 


Corollary 2.7. The inclusion operator X ■. f f between IB and B has 
norm equal to 1. 
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Proof. It is clear from (|2.5p that \X\ ^ 1. Prove the equality statement. 
Assume as we may that n = m = 2. Let fo{z,w) = (2;,0). Then 

||/o||b= sup {1-\z\‘^-\w\‘^)\\fl){z,w)\\ = 1, 

LP+ii/^Pigi 

and 

ll/oll = sup y/\^=l. 

pp+|uip$;i 

This finishes the proof. □ 

Remark 2.8. The inclusion operator is a restriction of a Bergman projection 
Va, ct > —1, between L°°{Bn) and B whose norm is greater than 1. See 
corresponding results for the plane [1] and for the space [T]. 
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some remarks concerning pluriharmonic functions. 

References 

[1] D. Kalaj, M. Markovic: Norm of the Bergman projection, Mathematica Scandinavica, 
vol. 115, no. 1, pp. 143-160, 2014. 

[2] D. Kalaj, M. Vuorinen,On harmonic functions and the Schwarz lemma. Proc. Am. 
Math. Soc. 140, No. 1, 161-165 (2012). 

[3] M. Pavlovic: A Schwarz lemma for the modulus of a vector-valued analytic function. 
Proc Amer Math Soc, 2011, 139(3): 969-973 

[4] A. Perala, Bloch space and the norm of the Bergman projection. Ann. Acad. Sci. Fenn., 
Math. 38, No. 2, 849-853 (2013). 

[5] W. Rndin: Function theory of the unit ball in C", Springer, 1980. 

University of Montenegro, Faculty of Natural Sciences and Mathematics, 
Cetinjski put b.b. 81000 Podgorica, Montenegro 
E-mail address: davidkalaj@giiiail.com 


